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Abstract. We study constraints on the Chern classes of a vector bundle on 
a singular variety. We use this constraint to study a variety which carries 
a Hodge cycle that are not a linear combination of Chern classes of vector 
bundles on it. 



As is well known, the Hodge conjecture is equivalent to the statement that 
Hodge cycles on a smooth projective variety are rational linear combinations of 
Chern classes of algebraic vector bundles (see |AK| for further explanation). This 
is no longer true for singular varieties. We will refer to a projective variety X as 
strange if X carries a weight 2p Hodge cycle in H 2p (X,Q) for some p, which is 
not a linear combination of Chern classes. Examples of strange varieties have been 
constructed by Bloch [Jj appendix A] , Barbicri-Viale and Srinivas |BSj , and two of 
the authors |AKj . In attempting to understand the precise nature of strangeness, 
we were led to the following construction: The smooth center of the cohomology of 
a complex projective variety is the sum of the pullbacks of cohomologies of smooth 
varieties dominated by it. More generally, suppose that G is a contravariant functor 
from the category of algebraic varieties over some field to a suitable abelian category. 
Given a projective variety X, we define the smooth center of G(X) by 

(Yj)ec(x) 

where C(X) is the collection of pairs (Y, /) consisting of a nonsingular variety Y 
and a morphism / : X — > Y. It is clear that G sm is a subfunctor of G. While we 
hope that the above construction is interesting for itself, we focus on the motivating 
problem. There are two cases of interest to us: when G = K° is the Grothcndicck 
group of algebraic vector bundles, and when the ground field is C and G = H* 
singular rational cohomology regarded as either a vector space or a mixed Hodge 
structure. We will see that K° nl (X) = K°(X) is always true, but that H* m (X) ^ 
H*(X) in general. It will follow that Chern classes lie in H* m (X) and that this gives 
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a genuine constraint. In the latter part of this paper, we examine some new and 
previously known examples where we can exhibit strangeness using this method. 

Perhaps we should add that, as the referee has pointed out to us, a device 
similar to the smooth center was employed by Fulton [Ful| for defining Chow 
cohomology of singular varieties. 

1. Definition and properties of the smooth center of the cohomology 

As above, we define the smooth center of the cohomology of a complex projec- 
tive variety X by 

(Yj)ec(x) 

Since the Hodge structures H l (Y,Q) are pure, we obtain: 

Lemma 1.1. H* m (X,Q) is pure of weight i, and therefore Wi-iH i (X,Q) n 
H* m {X,Q) = 0. 

From the lemma, we can identify Hl m (X, Q) as a sub- Hodge structure of 
GrfiTp^Q). In [AK] . we defined a natural filtration F DR on W{X,C) called 
the de Rham filtration 

(i.i) F* K ir(x,c) = w(x 7 c)n P (imiw(x 7 n^>) -+w(x,n m x )]) 

where p : fl x —> & x ^ s the morphism from the complex of sheaves of Kahler 
differentials fl* x on X [EGA4| §16.6] to the Du Bois complex £l' x |Duj . Since 
p preserves filtrations on complexes, this implies that the de Rham filtration is 
generally finer than the Hodge filtration. 

Lemma 1.2. F p H l sm (X, C) n H l sm (X, Q) C F^ K H l {X, C) n GrfiTpf, Q), where 
F* is the Hodge filtration on iJ* m (A, Q). 

Proof. Let a = /*(/?) e FPH l sm (X,C) where (YJ) e C(X). Since a mor- 
phism of Hodge structures preserves the Hodge filtration strictly, (3 should be a cycle 
in FPH l {Y,C) = F£ R H l {Y,C) and hence a G /*(Fg R ff i (F, C)) C FV R H l (X,C) 
by the functoriality of the de Rham filtration. □ 

Lemma 1.3. H* m (X,Q) is a subring of H*(X,Q) under cup product. 

Proof. This follows immediately from 

aU/3 = A*(a®/3) = A*(/ x ® ft) eH^(X,Q) 

for any a = f*(ax) e Hl m (X,Q) and (3 — g*{(ii) € H^ m (X,Q) where / : X T 
and g : X — > S are morphisms to smooth varieties T and S. □ 

Lemma 1.4. K° m (X) = K°(X). 

Proof. Recall that for a vector bundle £^ on X, there exists a smooth variety 
M i: an embedding i : X — > Mi and a vector bundle 3^ on Mj such that £j = t*^ 
(cf. jAKj ). By taking products, we can see that any pair of vector bundles are 
the pullbacks of a pair of vector bundles under an embedding of X into common 
smooth variety M = Mi X Mi- Since any element of K°(X) is a difference of vector 
bundles, the lemma follows. □ 

Given a natural transformation of contravariant functors G — ¥ G", it is clear 
that we get a natural transformation G sm G' sm . 
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Lemma 1.5. For any vector bundle £ on X, c p (E) G H^(X, Q)nFPH^(X, C). 

Proof. Let H 2p (X) = H 2 p(X,Q) n FpH 2 p(X,C) denote the space of Hodge 
cycles, and let H 2 ^ (X) C H 2 p(X,Q) n F P H^{X,C) denote its smooth center. £ 
can be regarded as an element of K°(X), which equals K® m (X) by the previous 
lemma. By the above remark, c p gives a natural transformation c p : K® m (X) —} 

n 2 r n (x). ' □ 

Remark 1.6. A similar argument shows that the image of the £-adic Chern 
class map K°(X) <g> Qe ->■ H 2p (X et ,Q) lies in H^(Xet, Q) when X is defined over 
an arbitrary algebraically closed field. 

Corollary 1.7. im[c p : K°(X)®Q -> H 2 p(X,Q)} C ff 2 £(X, Q)nFPH^(X, C). 
Vjf ifte Hodge conjecture holds in degree 2p for all smooth varieties, then the equality 
holds. 

PROOF. It is enough to show the last statement. Let a = f*(j3) G H^(X, Q) n 
FPH^(X,C) where (Y, f) G C(X). Then (i is a Hodge (p,p)-cycle on F, and the 
Hodge conjecture for Y implies that (3 = c p (£j) where £{'s are vector bundles on 
Y. Ken C e,a = f*(f3)=J2 i c p (f*(Z l ))£im[c p :K Q {X)®Q^H 2 P(X,Q)]. □ 

Corollary 1.8. a : A'°(X)®Q ->■ F 1 i/ s 2 m (X, C) n i? s 2 m (X, Q) is a surjection. 

Proof. It follows immediately from Lemma fL2l and Corollary ll.7[ since im(ci) = 
F^ R H 2 (X 7 C) n Grf H 2 (X,Q) by [AKl Lemma 3.14]. □ 

By putting Lemma 11.51 and Corollary 11.71 together, we can recover the one of 
the main results of [AK] that the image of c p lies in F^ k H 2 p{X) n H 2p (X, Q). 

2. Hg m (C) of a singular curve 

In this section, we calculate H^ m (C,Q), when C is a curve. For every smooth 
projective variety Y, let a : Y — > A(Y) denote the Albanese map, then it is well 
known that 

(2.1) H 1 (Y,Q) = a*H\A(Y),Q). 

Therefore, we conclude 

(2-2) H^(X,Q) = ^2rH l (A t Q) 

f 

where / : X —> A runs over all morphisms / from X to an abelian variety A. 

Now let C be a singular curve and v : V — > C be its normalization. We observe 
that for every map / : C —> A from C to an abelian variety A, the corresponding 
fov : T — > A has to factor through the Albanese A(T), i.e., the Jacobian J(L) of T. 
If J(T) is a simple abelian variety, either the map is constant or J(L) is isogenous 
onto its image. Since J(T) is simple for a very general curve L, this line of argument 
leads to the conclusion that H^ m (C,Q) = for such a curve. More precisely, we 
have 

Proposition 2.1. LetC be a singular, integral and projective curve with nor- 
malization v : T — > C . Suppose that the Jacobian J(L) of F is a simple abelian 
variety. If H^ m (C, Q) ^ 0, then 

(a) v : r — y C is an immersion at every point p G L in the sense that the map 
v*Vl]j —5- £7p on Kahler differentials is surjective at every point p G L; 
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(b) p — q is torsion in Pic(T) for all p,q S T satisfying v(p) = v{q). 
In particular, Hg m (C, Q) = for a singular curve C whose normalization is a very 
general curve of genus > 3. 

Proof. By ([Ml), f*H 1 (A,Q) ^ for some morphism / : C -> A from C to 
an abelian variety A. By the universality of the Jacobian, we have the commutative 
diagram 

(2.3) T ^— s- C — A 

a 

P 

J(T)" 

Since J(Y) is simple, p maps J(Y) to a point or onto an abelian variety B C A 
isogenously. If it is the former, then / is constant and f*H 1 (A, Q) = 0. Since 
f*H 1 (A, Q) 7^ 0, we must have the latter. Then /(C) C S and we have the 
diagram 




where p : J(T) — > B is an isogeny, p v : B — > J(Y) is its dual and hence <j>= p v o p = 
[n] is multiplication by a nonzero integer n. 

Since a : T ^ J(r) is an embedding and p : J(Y) —> B is etale, it follows that 
p o a : r — > B is an immersion. Consequently, v : T — > C is an immersion. 

For two points p and g on Y satisfying i>(p) = v(q), we have 

(2.5) (t>(a(p)) = 4>{a{q)) O n(p - q) = in Pic(r) 

i.e., p — q is torsion in Pic(r). 

For a very general curve Y, J(Y) is simple. We claim that there do not exist 
p 7^ q on r such that p — g is torsion if 5 = g(Y) > 3. Otherwise, n(p — q) = 
in Pic(r) for some n G Z + . Then we have a map j : T — >• P 1 of degree n totally 
ramified at p and q. Clearly, n > 1 and j has at most 2g + 2 ramification points. A 
dimension count shows such Y lies in a subvariety of dimension 2g — 1 in the moduli 
space M g of genus g curves. On the other hand, dim M g = 3g — 3 > 2g — 1. □ 

Therefore, to have nontrivial H^ m (C, Q), we need either a non-simple Jacobian 
J(r) or torsion classes p — q for all p 7^ q on T over a singular point of C . Note 
that J(Y) will fail to be simple if we have a finite map r — > Y from T to a smooth 
projective curve Y with g(Y) > g(Y) > 0. This leads us to consider singular 
curves C admitting a finite map C — > Y to a smooth curve K. Then we obtain 
a map r —> Y, where Y is the normalization. We can see that G is simple if 
the map / : Y — s> Y is sufficiently general, where G is the connect component of 
ker[J(r) — > J(Y)] containing the identity. 

Proposition 2.2. Let (p : C — > Y be a finite map from an integral projective 
curve C to a smooth curve Y . Let v : Y — > C be the normalization of C and let 

(2.6) J(T) 0xglXg2X - X9 '"> J(Y) x Gi x G 2 x ... x G rn 
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be an isogeny, where <p — (ip o v)* and Gi, G m are simple abelian varieties such 
that G = G\ x G2 x ... x G m is isogenous to the connected component of the kernel 
of J(r) — > J{Y) containing the identity. Suppose that there is a node q € C with 
v~ l (q) = {pi,£>2} such that guipi ~ P2) is non-torsion in Gk for all k = 1, 2, m. 
Then 

(2.7) HUCM = ^*H 1 (Y,Q). 
Proof. It suffices to prove that 

(2.8) /•ff 1 (A > Q)C¥>*ff 1 (Y J Q) 

for all maps / : C — » A from C to an abelian variety A. For such / : C — > A, 
we again have the diagram (|2.3[) . Combining it with the isogeny between J(T) and 
J(Y) x G, we have 




J(Y) x G 



where g = g\ X gi X ... X g m , e = p o and 77 = 771 x 772 x ... x ?7 TO = p o g v with 
??fe = .9fc for fc = 1,2, ...,m. 

Clearly, ()2.8[) holds if 77 is constant. Suppose that 77 is non-constant. Then rjk 
is non-constant for some 1 < k < m. Since Gk is simple, rjk is an isogeny between 
G k and r) k (G k ). 

Since f(pi) = v(p2)-, Vk gk ^(pi) = ? 7fe 9k afe)- Using the same argument 
as in the proof of Proposition 12.11 we see that gk{a{p\)) — gnip-ipi)) 1S torsion in 
G. Contradiction. Therefore, 77 must be constant and (|2.8j) holds. □ 

Corollary 2.3. Let Y be a smooth irreducible projective curve. For a very 
general nodal curve C that is finite over Y with a map p : C — > Y , (|2.7[) holds. 

Proof. Using the same notations as in Proposition 12.21 we let v : V — > C 
be the normalization of C. Since C is very general, T is very general. Hence the 
connected component of ker[ J(T) — > J (Y)] containing the identity is simple and we 
have an isogeny <f> x g : J(T) — > J(Y) x G with G a simple abelian variety. 

Let q be a node of C and h'~ 1 (q) = {pi,^}- Since C is very general, p\ — P2 is 
non-torsion in J(T). It follows that (4> x g)(pi —P2) is non-torsion in J(Y) x G. On 
the other hand, <p{v(pi)) = 93(1/(^2)) and hence <p{p\—pi) — 0. Therefore, g{p\—p-i) 
is non-torsion in G. Then it follows from Proposition 12.21 that (|2.7j) holds. □ 

Corollary 2.4. Let f : X — y Y be a finite map between two smooth irreducible 
projective curves. Suppose that Y is maximum in the sense that there is no finite 
map X — > T from X to a smooth projective curve T satisfying g(Y) < g(T) < g(X). 
Let Z be a nodal curve together with 

(2.10) f = hov :X ^ Z ^Y 

where v is the normalization of Z . If Z has a node q such that h{q) is a very general 
point on Y, then H^ m (Z,Q) = /Vi^O^Q). 
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Proof. We let 

(2.11) J(X) 0X9lX92X - X9 "') J(Y) x Gi x G 2 x ... x G m 

be an isogeny with (f> = f* and G±, G2, G m simple abclian varieties such that G = 
G\ x G2 x ... x G m is isogenous to the connected component of ker[J(X) — > J(Y)] 
containing the identity. By Proposition 12.21 it suffices to show that gk(pi — P2) is 
non-torsion in Gk for all k = 1, 2, m, where i/ -1 (<7) = {p\,p2}. 
Now let us consider the set 

(2.12) E = {</> x % I Vk = A fc o fffcj A fc G End(G fe ), 1 < k < m}. 

Clearly, E is a countable set. For a G E, a is a surjective map J(A) — > J(K) x Gfc 
factoring through (f> x g/.. Let C = a(a(X)) be the reduced image of a(X) under 
fj, where a is the Jacobian embedding X — > J(A). Since generates J(X), 

C generates J(F) x Gk- Hence g(C) > dim J(Y) + dim Gfc > g(Y). So we have 
a finite map X — > T with T the normalization of C . By our hypothesis on Y, 
we must have T = X. That is, er o a : X — » G is the normalization of G. Then 
<x(a(pi)) = cr(a(p2)) if and only if cr o a maps pi and P2 to the singular locus G s i ng 
of G. So we let 

(2.13) A = {p e X I a(a(p)) G G sing for some a G E, G = a(a(X))}. 

Again, A is a countable set of points on X. Therefore, px,P2 $ A as we assume 
M*?) = /(Pi) = /(P2) to be a very general point on Y. 

Note that gk(pi — P2) is torsion in Gfe for some k if and only if <j{p\ — pi) = 
for some a G E, while this only happens when p\,p2 G A by the above discussion. 
So gk{pi — Pi) cannot be torsion and we are done. □ 

Remark 2.5. Note that both Corollarv \2.3\ and \2.J\ hold for very general curves 
or points. Being very general means that they hold outside of a countable union of 
proper subvarieties. This is a notion only valid over an uncountable field. If we 
work over number fields, e.g., X and Y are curves over a number field in Corollary 
\2.4[ we may apply the generalized Bogomolov conjecture proved by S. W. Zhang [Z] 
to conclude that gk(a(X)) contains only finitely many torsion points over Q. This 
implies that the exceptional set A is a finite set so the Corollary holds over Q for 
h(q) a general point on Y. However, the application of Bogomolov conjecture seems 
an overkill for our purpose. 



3. A simple strange surface. 

Let / : X — > Y be a finite morphism of degree d > 2 between two smooth 
projective curves with g(Y) > 2. We may assume that Y is a curve whose genus is 
maximum in the set of smooth projective curves of genus > 2 admitting a morphism 
fi : X — >• Yi, i.e., satisfying the hypothesis of Corollary 12.41 This can be justified 
by Theorem of de Franchis |Mj (which asserts that there are finitely many pairs 
(T, X — >• T) of smooth projective curves T of genus > 2 and a morphism X — > T). 

Now we choose a point q G Y such that f^ 1 {q) contains at least two distinct 
points pi 7^ pi G X. We construct a curve Z by gluing p\ to p%- More formally, it 
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is the pushout: 



Pi Upi 

f 



X 



3 

Set p = j(q) = g(pi) = g{jp2) £ Z. We observe the following: 
• Z is an algebraic curve with a node at p. 



• ti x {Z^ 
ular, 



carries a mixed Hodge structure of weights and 1. In partic- 



H\Z,Q) = H]{X - f- 1 ^),®), GtYH 1 (Z,Q) S H^X.Q). 

Furthermore, since H} m (Z, <Q>) is a sub-Hodge structure of Grj v J ff 1 (Z, Q), 
we have 

&imHl m {Z,Q) < dimGrf H l {Z,<$) = dimii^X.Q) = 2. 9 (X). 

• There is a well-defined morphism ft, : Z — > Y defined by h(z) = f(g~ 1 (z)) 
for any z E Z, and hence the morphism / : X —> Y factors through Z. 
Indeed, for q £ Y very general, it follows immediately from Corollary 12.41 that 

Proposition 3.1. Let X,Y and Z be the curves given above and let q be a 
very general point on Y . Then 

(i) H} m (Z,Q) = h*H 1 (Y,Q), and 

(ii) Hl m {Z xZ,Q) = h*H\Y x Y,Q), 

where h and h are the morphisms in the following diagram: 

f „ tr tr f 



X 



More importantly, we claim that 




X x X 



Y x Y 





Z x Z 



(3.1) HL( Z x Z,Q) C GvfH 2 (Z x Z,Q) ^ H 2 (X x X,Q). 

That is, H 2 (Z x Z, Q) carries a weight 2 Hodge cycle not in i/ s 2 m (Z xZ,Q). There- 
fore Z x Z is strange. 

Indeed, we can prove the following 

Proposition 3.2. Let X be a smooth projective curve and let g : X — > Z be the 
map gluing two distinct points p\ and p2 of X as above. If pi — P2 is non-torsion 
in Pic(X), then 5*P1cq(Z x Z) ^ P1cq(X x X). In particular, 

(3.2) A x + nlDi + tt;D 2 # g*Pic®{Z X Z) 

for all D\,D2 £ Pic(X), where Ax is the diagonal of X x X and iri and n2 are 
the projections of X x X to X . Consequently, 

(3.3) A x £ g*H^(Z x Z,Q) C H^{X x X,Q) 
and hence 

(3.4) 9*HL(Z x Z, Q) C ff 2 (X x X, Q), 
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where H*£(W, Q) = H™(W, Q) n F k H 2 ^{W, C) and Y\c®{W) = Pic(W) © Q. 

Proof. Note that g: XxX^tZxZ factors through Z x X with the map 
Lp: XxX^tZxX. For a line bundle L on Z x X, we have 



PixX 

where g = g(p\) = g(p 2 )- Thus, 



cp*(L )&ndip*L =<p*(L ) 



= j*(p*L 

Pi xX 



p 2 xJC 



ijxX 



p 2 xX 

through the identification j : p\ x X — > p 2 x X sending (pi, x) — > {p 2 , x). Therefore, 
if Ax + ^jf Di + ^2^1 lies in <^*PicQ(Z x X), then 

O plXX (iVA x ) ^fO P2XX {NA x ) 

for some iV e Z+. That is, 2V(pi -p 2 ) = in Pic(X). This proves (|33j) . 
Observe that 

(3.5) Pic(AT x X) = Tr^Pic^X) © 7r^Pic°(X) © H 1A (X x X, Z) 
and 

(3.6) 7r:fPic(X) © n%Fic(X) C g*Pic(Z x Z). 

Combining ([22]), ([33) and (|3l|) . wc conclude ([33]) . 

Finally, we assume that (|3.4[) fails to hold. That is, there exists a morphism 
Tj : Z x Z — > 5 from Z x Z to a smooth projective variety 5* such that 

(3.7) p*i/ 2 (5,Q) =if 2 (X xX,Q), 

where p = rj o 5. By (|3~3|) . there exists ^ / £ if 1 ' 1 ^ x X,Q) such that £ is 
perpendicular to g*H^(Z x Z, Q). Since p factors through g, we have £ • p*uj = 
and hence p*£ • a; = for all w £ F 1,X (S, Q). Note that 6 H n -^ n -\S, Q) 
for n = dim S. By the Hard Lcfschctz theorem, if 1 - 1 ^, Q) and H re_1 ' n_1 (5, Q) 
are dual to each other. Therefore, p^ = and it follows that £ ■ p*to = for all 
uj e H 2 {S, Q). By ([37f]) . this implies £ = 0. Contradiction. □ 

Remark 3.3. Ao£e £/ia£ Provosition \3.2\ holds for any pair (X,Z), where X is 
the normalization of a curve Z with one node, as long as p\ — p 2 is non-torsion 
for the two points p\ and p 2 over the node. In our setting, we are expected to say 
more. Indeed, we believe that H 2 m (Z x Z,Q) = h*H 2 {Y x Y,Q) and hence 

(3.8) E*JZ xZ,Q) = h*H k (Y x Y, Q) 
for all k. But we do not know how to prove Q3.8P yet. 

4. Revisiting the example of Barbieri-Viale and Srinivas 

The previous example had singularities in codimension one. An example of a 
strange normal surface was constructed in jBSj . We recall the relevant details. Let 
AT be a hypersurface in P 3 defined by an equation F(x,y, z,w) = w(x 3 — y 2 z) + 
f(x, y, z) where f(x, y, z) is a general homogeneous polynomial of degree 4 in x, y 
and z. X has an isolated singularity at p = [0 : : : 1]. So it is normal. In jBSj . 
the authors showed the following: 

(a) Let / : Y — > X be the blow-up of X at p and E be the exceptional divisor. 
Then 7r : Y — > P 2 is also a blow-up of P 2 at 12 points {p\, ■ ■ ■ ,pi 2 } = V(x 3 - y 2 z) fl 
V(f(x,y,z)), and hence Y is a smooth rational surface. 
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(b) There is an exact sequence 

-> H 2 (X,Q) H 2 (Y,Q) A Q -> 

where a is the intersection number with the cohomology class of E. It follows that 
H 2 (X, Q) is 12 dimensional because H 2 (Y,Q) is generated by the pullback of the 
class h of a line in P 2 and the 12 exceptional divisor classes {ei, • • • , ei%}. Note 
also that H 2 (Y, Q) and therefore H 2 (X, Q) consists entirely of Hodge classes. 

(c) The classes e* - ej i im[ci : Pic(Jf) ® <Q> -> £T 2 pf, Q)]. 

It follows from Corollary [LSI that e t - ej ^ £T 2 m (X,(Q)). So X is definitely 
strange. More precisely, we have Pic(X) = Z by the following lemma and hence 
H 2 m (X,Q) = Q- 

Lemma 4.1. -For f(x,y,z) general, Pic(X) is freely generated by 0x(l) over 

Z. 

Proof. The blowup it : F -> P 2 is actually the composition of g : X — » P 2 
and / : Y — > X, where g is the projection sending [x : y : z : w] to [x : y : z]. 
Clearly g is regular outside of p and blowing up X at p resolves the indeterminacy 
of g; the resulting regular map Y — > P 2 is exactly 7T. Alternatively, we can construct 
V and X from P 2 as follows. 

Let C be the cuspidal cubic curve given by x 3 — y 2 z = on P 2 . It is well known 
that Pic(C) = Z©G a , where <G a is the additive group of C. Obviously, we have an 
injection Pic(P 2 ) <-> Pic(C). We choose 12 points pi,P2, ■■■,Pi2 on C\{[0 : : 1]} 
such that 

• Ah = pi + P2 + ■•• + P12 in Pic(C) and 

• pi,P2, ■■■,Pi2 are linearly independent over Q in Pic(C) (g) Q. 

Here we use h for both the hyperplane class in P 2 and, for convenience, its pullback 
to C. 

By the surjection £f°(0p2(4)) — > H°(Oc(A)), we see that there exists a quartic 
curve D = V(f(x,y,z)) passing through pi,p2, ...,pi2- Let ir : Y — > P 2 be the 
blowup of P 2 at pi,P2, •■■,Pi2 and let E and F C Y be the proper transforms of C 
and D, respectively. Note that 

E = 'Sir*h — e\ — e2 — ... — e\2 and F = An*h — e\ — e2 — ... — ei2. 

By the exact sequence 

^ H {O Y {F - E)) H°(O y (F)) ^ H°(O e (F)) ^ 



H (O Y (n*h)) H°(0 E ) 

we see that \F\ is a base point free linear series of dimension 3. Let / : Y — > P 3 be 
the map given by \F\. Since E ■ F = 0, f*E = 0, i.e., this map contracts the curve 
£ to a point. It is exactly the map that maps Y onto X at the very beginning of 
this section. 

The Leray spectral sequence for the sheaf O y gives an exact sequence 
-> Pic(X) -> Pic(F) -)• tfftOy). 
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By composing the last map with a restriction H°(X, R 1 f*Oy) — > Pic(-E), we can 
see that Pic(X) lies in the kernel of the map Pic(F) — > Pic(E). On the other hand, 
for every divisor M = dir*h + miei + mie-n + ... + nii2ei2 in Pic(y), 



{dir*h + mid + m 2 e 2 + ... + mueu) 



= dh + mipi + m 2 p2 + — + m^Pii 

E 



in Pic(-E) = Pic(C). Since we choose p\,P2, ■■■,P\2 to be linearly independent over 
Q, dh + m\p\ + TO2P2 + •■• + ?7ii2Pi2 = in Pic(C) if and only if 

d 

mi = ni2 = ... = mi2 = — . 

4 

That is, M lies in the kernel of Pic(F) — > Pic(-E) if and only if M is a multiple of 
F. It follows that Pic(X) is generated by F = O x {l). □ 

5. Examples of varieties with normal crossings 

In this section we consider two examples of varieties with normal crossings, one 
constructed by Bloch [J] and the other constructed by Srinivas [B]. Each of these 
examples will be reviewed after we establish a couple of lemmas that we will need 
later. 

Let Y be a smooth projective variety and Z be a smooth subvariety of Y. Let 
X = Y \\ z Y be the variety obtaining by glueing two copies of Y along Z. i.e., X 
is the variety defined as the pushout 

Z]JZ^lY]jY = y 



Z s-X 

where i : Z <-> Y and j : Z X are inclusions. Furthermore, it :Y = Y\\Y — > X 
is the desingularization of X . This is the disjoint union of the inclusions ij : Y <^-> X 
(for j = 1, 2) of the two components. Since these are regular embeddings, there are 
pullbacks ip and therefore ir* , on the level of Chow groups |Fu2i chap 6]. 

Lemma 5.1. There exists a commutative diagram whose top row is a complex 
and bottom row is exact: 

(5.1) CH?(X;Q) ^CTP(F;Q) *-CH p (Z;Q) 



— ^ Gif p H 2p {X, Q) -?->- H 2 p(Y, Q) © H 2 p(Y, Q) -U- ^(Z, Q) 

where the last two maps labelled cl* are i/ie p-i/i ci/c/e cZass maps, and 1* is the 
difference of the restrictions. Furthermore, 

im[clf : CfP(X;Q) -> H 2 p(X,Q)} D im[c p : ® Q -»• ff 2p (X,Q)]. 

Proof. For the exactness of the bottom row, we use the Mayer- Vietoris se- 
quence 

> H 2p ~ 1 {Z, Q) -> ff 2jJ (X, Q) -> 2p (F, Q) © H 2p (Y, Q) -> F 2?, (Z, Q) ->■ ■ • • 

and take the exact functor Gr^. 
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As for the existence of df , since t*(clj(7r*(£))) = chf (t*7r*(£)) = for any 

£ G CH P (A;Q), we have clj (vr*(£)) G ker(t*) = im(vr*). Injcctivity of tt* gives 

rise to a unique a G H 2p (X,Q) such that n*(a) = cl* Define cl*(£) = a. 
Commutativity of the diagram (|5.1j) follows from the definition. 

For the last statement, it is enough to show that c p (£) G H 2p (X, Q) lifts to 
CH P (A; Q) for a vector bundle £ on X. Fulton |Fu2| chap 3] defines Chern classes, 
which we denote by c p ulton , as operators c p ulton (£) : CH*(A;Q) CH* +P (A;Q). 
Letting H = c p ulton (£)([A]) G CH P (A; Q), and using the compatibilities given [Fu2| 
chap 19] shows that S maps to c p (£) under the cycle map. □ 

By the universal property of the pushout, there exists a unique map q : X — I Y 
such that the following diagram commutes. 

(5.2) Z]\Z -^Y]\Y a ^Y 




Lemma 5.2. In the notation as above, we have 

(5.3) q*(H 2p (Y,Q)) = {(a,a) \ a G H 2p (Y,Q)} C H 2p (X,Q). 
Furthermore, if the Hodge conjecture holds for Y in degree 2p, then 

q*H p > p (Y,Q) Cim(ch p Y ) 
where ch p denotes the p-th component of the Chern character. 

Proof. (|5.3[) follows immediately from the definition of the smooth center. 
For the second statement, assume that the Hodge conjecture holds for Y in degree 
2p. Then any Hodge (p,p)-cyclc a can be written as a = J2i c ^ ([£»]) where £j 
are vector bundles on Y, and ki G Q. Since tt* is injective and 

n*(q*(a))=n*q* fe> = 7r*eh* ^£ **[«*(£<)] J , 

it follows that 

q* (a) = ch* (JT h [«*(£*)]) £ im(ch*). 

Therefore, any a G H P P (Y, Q) gives rise to a class g*(a) = (a, a) in im(ch„ ). □ 

5.3. Bloch's example, (cf. [Jj [Lj Appendix A]) Let So be a general hyper- 
surface in P 3 defined over Q of degree d > 4, and p G So(C) be a Q-generic point. 
Let a : P = Bl p P 3 -> P 3 and 5 = Bl p S , and set A = pjj s P. The Mayer- Victoris 
sequence gives rise to an exact sequence 

(5.4) -> P 4 (A, Q) Pf 4 (P, Q) © P 4 (P, Q) — >• P 4 (S, Q) — » 0. 

Let /i be the cohomology class of a general hyperplane in P 3 and e = [P] be the 
cohomology class of the exceptional divisor of the blow-up a : P — > P 3 . Then 

P 4 (S,Q)=Q and P 4 (P, Q) £ P 4 (P 3 , Q) © P°(p , Q) = Q /i 2 © Q e 2 
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(5.5) 



with intersection numbers (h 2 , S)p = d and (e 2 ,S)p = — 1. From (|5.4j) . we get 

H 4 (X, Q) <* {(a, 0) G P 4 (P Q) © P 4 (P Q) | (a, S) P - (/?, S) P = 0} 

= Q (h 2 , -de 2 ) © Q (e 2 , e 2 ) © Q (0, fe 2 + de 2 ). 

This consists entirely of Hodge (2,2)-cycles. 

In the letter to Jannsen [J], Bloch showed that a cycle {{d — l)h 2 , d(h 2 + e 2 )) 
in H 4 (X, Q) cannot be in the image of cff, and hence 

(5.6) 7 = ((d- l)h 2 , d(h 2 +e 2 )) £ im[ch 2 : K°(X)®Q-> H 4 (X,Q)}. 
by Lemma \5. II Let 

(5.7) Sj = J2i h *W e H L(X,Q) \(T,h:X^T)e C(X), (3 G P 4 (T,Q) alg } 

be the subspace of cycles in H 4 m (X, Q) coming from algebraic cycles in degree 4 on 
a smooth projective variety. 

Proposition 5.4. Let X be the variety above. Then, 

(i) im(ch 2 ) ^Q(e 2 ,e 2 )®Q(h 2 ,h 2 ), 

(ii) ^Cg*(^(P,Q)), 

(hi) IfH 4 m (X,Q) = jj (e.#. i/f/ie Podc/e conjecture holds), then P 4 m (X, Q) = 
im(ch 2 ) =<z*(P 4 (P,Q)) C P 4 (X,Q). 
where q : X — > P is i/ie map as in the diagram ([57 



Proof. Since the Hodge conjecture holds for P in degree 4, by Lemma 
have q*{H 4 (P,Q)) C im(ch 2 ). Then 

2 = dim<f(P 4 (P,Q)) < dim im(ch 2 ) < dimP 4 (X,Q) = 3. 

Hence im(ch 2 ) = <f(P 4 (P, Q)) = Q (/i 2 , /i 2 ) © Q (e 2 , e 2 ) as we claimed in (i). 

In order to show (ii) , let a G f) C P 4 m (X, Q) and let t : X — > T be a morphism 
to a smooth projective variety T such that a = t*{0) and /? G H A (T, Q) a ig- 

idp 



(5.8) 



PC 



idp 



p 4 (p,( 



^P 4 (X, 



p 4 (p, 



Let ij ■ : P — > X be the composition of the canonical injection P — > P ]J P followed 
by 7r : P]JP — »■ X for j = 1, 2. Since g o = idp for j = 1, 2, we have 

and hence 

a-q*(Ll(a)) G ker[^ : P 4 (X,Q) -> H 4 {P,Q)} S Grf H*(P-S, Q) S (h 2 + de 2 )-Q 
where (*) is from the following commutative diagram with exact rows 

^ Grf P 4 (X - P, Q) H 4 (X, Q) — ^U- P 4 (P, Q) 



(5.9) 



0- 



Grf P 4 (P-S,< 



P 4 (P, 



P 4 (S,Q) 
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Hence, there exists k £ Q such that 

(5.10) k (0, h 2 + de 2 ) =a~ g*(*J(a)) = t*{fi) - g*(tj(a)). 
We show that fc = 0. Suppose k =^ 0. Observe 

7 = ((d - l)h 2 , d(h 2 + e 2 )) = (d - l)(/i 2 , h 2 ) + (0, h 2 + de 2 ) 

= q*((d - l)h 2 - i t J(a)) + i t* (/?) G q*H\P, Q) + t*H\T,Q) als 

i.e., 7 G .f). Since any algebraic cycle in a smooth projective variety can be realized 
as a finite sum of Chern classes of vector bundles on the variety, this observation 
implies 7 G im(cfi2) (8 Q, which contradicts to (|5.6j) . Thus fc = 0. Now (|5.10[) 
implies a = g*(/*(a)) G q*(H A (P,Q)). Hence, Jo C a*(P 4 (P, Q)). 

For (iii), suppose ir 8 4 m pr,Q) = Then, (ii) and Lemma IO imply that 

q*(H 4 (P,Q)) C im(ch 2 ) ® <Q> C P 4 m (X,Q) = J5 C *(P 4 (P,Q)). 

Therefore, im(ch 2 ) <E)Q = H 4 m {X, Q) = o*(P 4 (P, Q)) = Q (e 2 , e 2 ) © Q (/i 2 , /i 2 ). □ 

Remark 5.5. In /act, /or t/iis X, £/ie de ii/iam filtration F^ )R H i (X,C) 
coincides with the Hodge filtration F 2 H 4 (X, C). In order to show this, it is enough 
to prove Fg R H 4 (X,C) D P 2 P 4 (X,C). Let t\ be the kernel of Cl x ->■ 7T*Q^ w/iere 
7r : P = PTJP — > X is ffte desingularization of X , and let t x = A T x . There 
exists an exact sequence [FJ Proposition 1.5 (1)].' 

r& -> ->■ 7r*ft| -> -> for k > 1 

where i : S ^ X . We can split this into two short exact sequences: 

(5.11) -> r| -)■ Q^->-f2^ -> 0, -> ->■ tt*0| -> i*fi§ -> 

where Ct x = 51^- / . By direct computation in cohomologies associated to short 
exact sequences (|5.11[) , we get 

H 2 (X, n 2 x ) = P (H 2 (X, Q 2 X )) C p (im[H 4 (X, ilf) -> H 4 (X, 0|')]) = F 2 R H\X, C). 

where p : Q, x — > £l x is the morphism of filtered complexes |Dul lAKj . Since 
F 2 H 4 (X,C) = ® p+q=4 Hi(X,Cl p x ) = H 2 (X,ti 2 x ) by flE Proposition 1.5];, we are 
done. 

Since H 4 (X, Q) carries a pure Hodge structure of type (2, 2), this is an example 
that the smooth center H 4 m (X, Q) provides a stronger constraint than the de Rham 
filtration in degree 4 that we considered in |AK| . 

5.6. Srinivas' Example. [B] Let Y be a smooth hypersurface of degree 2 in 
P 5 and Z be a subvariety of Y cut by a smooth hypersurface of degree d > 3. Then 
deg Z = 2d > 6 and H 3 '°(Z) ^ 0. Let X = Y]J Z Y. By taking an exact functor 
G?Y on the Mayer- Vietoris exact sequence, we get 

(5.12) -> Grf P 4 (X, Q) -> P 4 (F, Q)® 2 A P 4 (Z, Q) -> Grf P 5 (X, Q) -> 

We have the Lefschetz decomposition: 

2 

(5.13) n 4 (r, Q) = L fe P 4 - 2fc (F, Q) prim 
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where /P(y,Q) pr im = ker[L 5 ~ 4 : iT(y,Q) -> # 10 - 4 (y,Q)] is the z-th primitive 
cohomology of Y . Note 

H A (Y,Q) plim = ker[i : H 4 (Y,Q) tf 6 (y,Q)], 

ff 2 (y,Q) P ri m = kcr[L 3 : ff 2 (F,Q) -> # 8 (y,Q)] = {0}, 

H°(Y,Q) pl , m = ker[L 5 : tf°(y,Q) -> H 10 (y,Q) = 0] = #°(y,Q), 

Furthermore, since y is a quadric hypcrsurface of even dimension, it contains two 
families of planes |GHi Proposition p. 735]. Let a G CH 2 (y;Q) be the equivalence 
class of difference of two planes belonging to different families of planes. Then, 
its cohomology class a = clj(a) G H 4 (Y,Q) pr i m and = 0; on the other 

hand, H 3 '°(Z) ^ implies that i*(a) is a nonzero class in the Griffiths group 
Griff 2 (Z;Q) = CH 2 (Z; Q) hom /CH 2 (Z; Q) a i g where i : Z ^ Y. An explanation can 
be found in [Bj §5.2]. Since dimiJ 4 (F; Q) pr i m = 1, we may choose a as a generator 
of H 4 (Y, Q) pr i m . By putting these observation together, we get 

H 4 (Y, Q) = H 4 {Y, Q) prim ffiQ/i 2 =Qa®Q/i 2 . 

where /i = [y P\H] G H 2 (Y, Q) is a cohomology class of a general hypcrplane section 
of y. Then from ([532]) we have 

Grf ff 4 (X, Q) = ker[s : H 4 (Y, Q)® 2 -»• tf 4 (Z, Q)] = Q (a, 0) ©Q (0, a) ©Q (/i 2 , h 2 ). 

Diagram ()5.1j) implies that (a, 0) and (0, a) are nonzero Hodge (2, 2)-cycles in 
Grf H 4 (X 7 Q) not contained in im[clf : CH 2 (X; Q) -> iJ 4 (X, Q)]. Thus by Lemma 
ISTT1 we have (a, 0), (0, a) g im[ch 2 : #°(X) <8> Q -> # 4 (X, Q)]. 

Proposition 5.7. Lei X 6e i/ie variety constructed by Srinivas [Bj 5.2]. Then 

(i) im(ch 2 ) ®Q = Q(a,a)ffiQ (h 2 , h 2 ) 

(ii) i} C q*(H 4 (Y, Q)), «/ i/ie Hodge conjecture holds for Y in degree 4, where 
$j is defined in (|5.7[) . 

(hi) IfH 4 n (X,Q) = ft, then H 4 m (X,Q) = im(ch 2 ) <g> Q = 9 *(ff 4 (y,Q)) C 
Grftf 4 (X,Q). 

PROOF. Exactly same argument as in Bloch's example shows (i). For (ii) and 
(iii), let a G ij. By diagrams (|5.8j) and (|5.9j) (replace P and 5 by 7 and Z, 
respectively) we have 

a - q*(il(a)) G kerft : H 4 (X, Q) -> tf 4 (y Q)] ~ Grf H 4 (y - Z,Q) = a • Q. 

Hence, fc(0,a) = a — g*(t 1 (a)) for some k G Q. Since we assume the Hodge 
conjecture for Y in degree 4, we can use the same argument as in Example 15.41 to 
conclude k = and we get (ii). The proof of (iii) is exactly same as the one given 
in the Example 15.41 □ 

6. More on varieties with normal crossings 

We can construct more varieties with normal crossings X = Y\ Y\ z y 2 similar 
to Bloch's example 15.41 with the property 

(6.1) H\XM) D H 4 m (X,Q) = im(c 2 ) ® Q 

and we can prove (|6.ip without assuming the Hodge conjecture as in Proposition 
El 
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Let X = Y\ \\ Z Y2 be the variety obtained by glueing two smooth projective 
varieties Y\ and Y2 transversely along a smooth hypersurface Z in both Y\ and Y%. 
The correct way to think of it is that X is given by two embeddings : Z <—i 
for k — 1, 2 with the Picard group of X given by 

(6.2) -> Pic(X) -> Pic(Fi) © Pic(y 2 ) i i £l ~ i ' La > Pic(Z). 

Such X is not necessarily projective. It is projective if and only if there are ample 
line bundles L\ and L2 on Y\ and Y2, respectively, such that i\L\ = i\L2 on Z. 
Namely, L = L\ © L2 gives an ample line bundle on X and we can embed X to F N 
by |mL|. 

PROPOSITION 6.1. Let X = Y\ ]J Z Y2 be a projective 3-fold with normal cross- 
ings satisfying 

(6.3) H 4 (Y kl Q) = H 2 - 2 (Y kl Q) for k = 1,2 and H 3 (Z,Q) = 0. 
TTien -£f l f m (^j ( Q0 * s algebraic in the sense that 

(6.4) # s 4 m (X,Q)ccl 2 (V) 

where V is the kernel of the map CH 2 (F i; Q) © CH 2 (y 2 ;Q) -> CH 2 (Z;Q) sending 
(£i) £2) to — «2^2 with i\ and being the embeddings i\ : Z <-t Y\ and i 2 : Z <-} 
Y2, respectively. 

We use an argument akin to Lefschetz pencil. Basically, for every map / : X —> 
W from X to a smooth projective variety W, we can "fiberize" W to a family W/B 
of 3-folds with f(X) contained in a fiber. Using the fact that the Hodge conjecture 
holds for 3-folds, i.e., for the fibers of W/B, we can show that the pull back f*oj is 
algebraic for every ui € H 4 (W, Q). As in the case of the classical Lefschetz pencil 
argument, we need to know the type of the singularities that a fiber W& of W/B 
has. For that purpose, we first prove the following lemmas: 

Lemma 6.2. Let W be a smooth projective variety and L be a line bundle on 
W . Suppose that Ow{—2pi — 2p-2 — ■■■ — 2p TO ) imposes independent conditions on 
H°(L) for all m-tuples of distinct points pi,P2, ■■■,Pm ofW, i.e., the map 

(6.5) H°(L) -» H°(L © O w /O w {-2 Pl - 2p 2 - ... - 2p m )) 

is surjective, where Ow{—lp) = L l p with I p the ideal sheaf of a point p G W . Then 
for a general linear subspace B of \L\ = ¥H°(L) of dim B < m, every member 
S € B has at worst m — 1 isolated singularties. 

Proof. Let U be the open set of W m consisting of m-tuples (pi,P2, ■■•iPm) of 
distinct points of W and V C U x \L\ be the incidence correspondence consisting 
of (pi,p 2 , -,Pm, S) satisfying S € ¥H°{L g> O w {-2 Pl - 2p 2 - ... - 2p m )). 

Let 7Ti and 7r 2 be the projection V ^ U and V — > respectively. Note that 
(|6.5p is equivalent to saying that 

(6.6) h°(L © CV(-2pi - 2p 2 - ... - 2p m )) = h°(L) - m(n + 1) 

where n = dim W. Therefore, every fiber of 7Ti has dimension dim \L\ — m(n + 1) 
and hence dimU = dim|L| — m. It follows that ^(V) has dimension at most 
dim \L\ — m. So a general linear subspace B of dimension dimB < to is disjoint 
from 7T2(V). 

Clearly, a member S G |L| that has > m isolated singularities or has singular- 
ities along r C S of dimT > belongs to VH°(L © O w (-2pi - 2p 2 - ... - 2p m )) 
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for some (pi,P2, ■■■,Pm) G U. That is, such S lies in W2(V). Therefore, every S G B 
has at worst m — 1 isolated singularities. □ 

Lemma 6.3. tFzi/i i/ie same hypotheses of Lemma \6.2l we further assume that 
Ow(— 3p) imposes independent conditions on H°(L), i.e., the map 

(6.7) fl°(L) -» ® O w /O w (-3p)) 

is surjective for all p G W. For a general linear subspace B of \L\, 

(1) every member S G B has at worst m — 1 isolated double points if 

'n + 2^ 



(6.8) dimi? < ruin ^m, 
where n = dim IF; 

(2) every member S G B /ias ai worst m — 1 isolated double points of rank 
> n — 1 i/ 

(6.9) dim £> < min (to, 4) 

where we say S has an isolated double point at p of rank > n — 1 if it is 
locally cut out on W by 

(6.10) xl + xl + ...+xl_ 1 +y e = 

for some £ > 2; 

(3) every S <E B has at worst to — 1 ADE singularities of types f|6. 10[) /or 
2 < £ < 4 if (|6.9j) ZioZds and /a imposes independent conditions on H (L) 
for every zero- dimensional subscheme A of W supported at a single point 
p and given by 

(6.11) A^O w /(x l x 3 ,x l y 3 ,y 5 ) 
for a set of generators Xi,X2, X n -1, y of I p . 

Proof. These statements are again proved by a simple dimension count as in 
the proof of Lemma 16.21 

For (1), we let V C W x \L\ be the incidence correspondence consisting of pairs 
(p, S) satisfying S G PH°(L ® Ow{— %>))• A similar argument as in the proof of 
Lemma HH] shows that 



(n + 2 \ 

(6.12) dimV = dim|L| - ( ^ J + « > dim(7r 2 (F)). 

It follows that no 5* G B has singularities of multiplicity > 3 if (|6.8[) holds. 

For (2), we let U be the variety parameterizing zero-dimensional subschemes A 
of W supported at a single point p with ideal sheaf I\ given by 

(6.13) 7 A = Sym 2 A©/3 

where A is a subspace of I p /Ip of dimension n — 2. A dimension count shows that 
dimf/ = n + 2(n — 2) and each I\ imposes independent conditions on H°(L) since 
I a 3 Ip. Therefore, 

(6.14) dimy = h°(L <g) /a) - 1 + dim U = dim |L| - 4 

for 1/ C U x |L| the incidence correspondence consisting of pairs (A, S) satisfying 
S G PH°(L ® Ja). Hence every S <E B has at worst isolated double points of rank 
> ra - 1 if (EU holds. 
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For (3), we let U be the variety parameterizing the zero-dimensional subschemes 
given by (|6.11[) . It is easy to see that 

(6.15) dimU = 3n - 2 and h°(L ® 7 A ) = h°(L) - (3n + 2) 

for all A G U. If we let V c E/ x L be the incidence correspondence consisting 
of pairs (A, 5) satisfying S G PF°(L ® J A ), then dim V = dim \L\ - 4. Clearly, if 
S € |L| has singularities of types (|6. 10[) for £ > 5, then 5 € 7r 2 (V). Therefore, every 
S E B has at worst ADE singularities of type a; 2 + a; 2 , + ■•• + £ 2 _i + y £ = for 
2 < £ < 4 if dHJ) holds. □ 

PROOF of Proposition 16. H By Mayer- Vietoris sequence (|5.4j) and (|6.3|) . we 
see that H 4 (X, Q) carries a pure Hodge structure of type (2,2). So for every 
morphism f : X ^ W from X to a smooth projective variety W, we have 

(6.16) f*H\WM = f*H 2 < 2 (W,Q)- 

If we assume that the Hodge conjecture holds in codimension 2, then (|6.4[) follows 
immediately. Without the Hodge conjecture, we need to show instead that there 
exists £ G CR 2 (W;Q) for every u E H 2 - 2 {W,Q) such that /*(cl 2 (£) - w) = in 
H%X,Q). 

We may assume that / : X — > W is an embedding. Otherwise, since X is 
projective, we have an embedding g : X c -> P w . Clearly, / factors through / X g : 
X ^ W x ¥ N and we may replace / by / x g. Furthermore, by cutting W with 
sufficiently ample divisors passing through f(X) and the weak Lefschetz theorem, 
we may assume that dim W = 4. 

We choose a sufficiently ample line bundle L on W such that there is a member 
XliX' in \L\ with the property that XUX' is a divisor with simple normal crossings. 

Let G = \L\ and M C G x W be the universal family M = {(5,p) :p£ 5} 
over G. Clearly, M is smooth for L sufficiently ample. And there is a point o G G 
such that M =IUI' for the fiber M a of M/G over o. 

Furthermore, Mb = Mxg5is smooth for a general linear subspacc B = P 3 C 
G passing through o. By Lemma 16.31 and by choosing L sufficiently ample, we see 
that a singular fiber Mb of Mb/B has only isolated ADE singularities of types 

(6.17) w 2 +x 2 +y 2 + z rn = (2 < m < 4) 

for b ^ o. For such Mf,, we see that H 2 (Mi,,Q) and H 4 (Mi,, l Q) carry pure Hodge 
structures and the Hard Lefschetz theorem holds. 

The map f : X '—t W clearly factors through Mb- So we may replace W by 
Mb- Finally, we have 

• W is a smooth projective 6-fold flat over B = P 3 via p : W ^ B; 

• Wo = X U X' has simple normal crossings for a point o G £>; 

• VF(, has at worst singularities of types (|6.17[) for b G U = B\{o}; 

• h 2 (W b ,Q) and h}^(W b , Q) are constant for b G U; 

• _ff 2 (H / b,Q) and fl" 4 (Wf,,Q) carry pure Hodge structures with the Hard 
Lefschetz theorem 

(6.18) L:H 2 (W b ,Q) H 4 {W b ,Q) 

Aci(i) 

for 6 G U. 

Let w G H 2 ' 2 (W,Q). Since the Hard Lefschetz theorem holds on all fibers of 
W over U, we can find £ G CH 2 (VF;Q) such that cl 2 (&) - w 6 = in if 4 (W 6 ,Q) 
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for all b e U using a Hilbcrt scheme argument. We claim that ch{£, ) — uj = in 

hHw ,q). 

Let Wjj = W Xg U. From the exact sequence 

(6.19) ... -> i? 7 (l¥ ,Q) F c 8 (Wc/,Q) -»- # 8 (VK,Q) -»> if 8 (W ,Q) ... 

we see that H 8 (W,Q) #£(Wi/,Q) and hence # 4 (W,Q) = ff 4 (WV,Q). 

The cohomologies if*(Wj Q) and iJ*(W / [/,Q) are computed by Leray spectral 
sequences E^ q {W) and Ep 9 (Wu) whose E 2 terms are 

(6.20) E%' q (W) = H P (B, i?V*Q) and E%' q (Wu) = H P (U, R q p*Q) 

respectively (cf. |GHj ). Hence we have injections E®> 4 (W) <-t H° (B , R 4 p*Q) and 
E°' 4 (Wu) ^ H°(U,R 4 p*Q) for r > 2. 
By the commutative diagram 

(6.21) H*(W,Q) =—*H*(W v ,Q) 



E^(W) 



H°(B,R 4 p* 



ff°(f/,i?V 



we see that ck>(£) — u> vanishes in H°(B, i? 4 p*Q) since it vanishes in H°(U, i? 4 p*Q). 
It follows that cl 2 (£ ) - uj vanishes in H 4 (W ,Q) and /*(cl 2 (£) -u)=0. We are 
done. □ 
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